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Multiscalemodeling

Owing to its structuredbasis,the stretched-vortex SGSmodel allows multi-scalemodelingof
certainstatisticalquantitiesvia estimationof the contribution to thesestatisticsof scalesbelow
theresolved-scalecutoff, including

� Truemulti-scalemodeling:matchingof 'inner' and'outer' scales

� No freeparametersemployedin matching

� Usestretchedmodelto computesubgridstatistics

� Additionalmodelingallows predictionof Schmidtnumbereffectsonmixing

To illustrateresults,Fig.2(left) showsvelocityspectrain they � z centerplaneof themixing layer
sometime afterreshock.Two-dimensional,circle-averaged(in ky � kz space)spectraareshown
for boththecomponentof thevelocitynormalto they � z plane(u), andin they � z plane.The
subgridextensionsof theresolved-scalespectracanbecalculatedusingtheanalysisof Pullin and
Saffman[7] andarede�ned by
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where� 0 is theanglemadeby thevortex axiswith the(y � z)-planewithin acell. Thesubgridex-
tensionof thetwo spectramatchreasonablysmoothlyontotheresolved-scalespectraandexhibit
a similar degreeof anisotropy in theout-of-plane(x � `3'), comparedto the in-planedirections
(2D isotropy is expectedin they � z plane).

Fig.2(right) showsmixturefractionspectraestimatedfrom theresolvedscalesecond-orderstruc-
ture function of the scalaranddifferent levels of mixing, parametrizedby the Schmidtnumber.
It is importantto point out that,strictly speaking,mixing is not representedin thescalesof LES,
mixing canonly beestimated.An approximatesolutionto theequationsdescribingthemixing of
apassivescalarinsideastretched-spiralvortex [6] is usedto obtainedthescalarspectrum,which,
for thescalar , we expressin theform

E (k) = K  

 

k� 5=3exp(�
(4� + 2D)k2

3~a
) +

8
5�

�
2�
~a

� 1=3
k� 1exp(�

2Dk2

3~a
)

!

; (12)

where~a is theaxial resolved-scalestrainratealongthesubgridvortex axis,� is thesubgridvortex
circulationandK  is agroupprefactorwhosenumericalvaluedependsonphysicalquantitiesthat
describetheinternalstructureof thevortex andtheinitial scalar�eld. Equation(12) is consistent
with phenomenologicalmodelsfor scalarmixing in turbulence;see [8].
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Figure2: 2D planarisotropic(v; w - acrossthetube)andanisotropic(u) spectraacrossthecenter
of theturbulentmixing zone(TMZ) (left). Radialscalarspectrawith subgridcontinuation

(brokenlines)assuming,from left to right, Sc= 1, 103, 106, and109 (right).

Thechoiceof stencils(switch)is generallyin controlof theuser. Wecurrentlyusedk-split switch
criteria,Ck, basedondifferenttechniquesdependingon theproblem,

� Pressureanddensitycurvature

� Entropy condition

� Least-squarediscontinuityregression

� Non-linearpressuregradientmapping

Theswitchingis donein a directionby directionmannerwith �ne grainedcontrol(cell to cell) in
termsof �ux esfollowing
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(
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whereF k is the�ux vectorin directionk.

Stableboundarystencilsandboundaryconditions

Weconstructastableboundaryclosure[2] of the�rst orderderivativethatsatis�esthesummation
by partsproperty, thatin thecaseof theTCD schemeis givenby
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wheref is thevectorof discretizedvaluesandq12 = 1=2 � � , p1 = 1=2 + � andp2 = 1 � � . It
canbeshown thata suitablyde�ned energy normis conservedfor (8). We alsousecharacteristic
basedboundaryconditions[9] to imposewell-posednessat openboundaries.Cancellationof un-
desiredincomingcharacteristicwavesmakesopenboundariesnon-re�ective. Whentheincoming
characteristicstrengthis known, asin in�o ws, a penaltybasedtechnique(SAT) associatedwith
Eq.(8) is used.

Conservative formulationfor AMR

Robust LES solvers requirestablediscretizations,skew-symmetriclike. Our approachfollows
primarily a formulation[1] whereconvective termsareevaluatedas
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Thesemodi�cations apply to the momentum,scalarandenergy conservation equationsandare
typically suf�cient to improve stability of the simulations.Conservation in the AMR meshesis
achievedby usinga �ux-basedapproachwith convectiveandskew-like �ux esgivenby
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respectively.

Simulationresults
WeinvestigateaRichtmyer-Meshkov instabilitywhereashockinteractswith athin interfacestart-
ing theaccelerationinducedmixing of the�uids. Theshockre�ects off theclosedendof ashock
tubeand`reshocks'the interface,further driving the now turbulent mixing. This �o w exercises
both the LES andthe shockcapturingfeaturesof the solver with dynamicallyadaptive meshes.
Theresultsof mixing layergrowth ratearecomparedwith theexperimentalmeasurements[10] for
caseMach1.5shockinteractingwith anAir-SF6 interface(Fig. 1). Theunshockedair hasa den-
sity of 0.27885kg=m3 andpressureof 23kPa. Thedomaindimensionsare� 0:20m � x � 0:62m
by � 0:135m � y � 0:135m by � 0:135m � z � 0:135m. A perfectly re�ecting boundary
conditionis usedat thewall andacharacteristicboundaryconditionis usedat theopenboundary.
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Figure1: Richtmyer-Meshkov instabilitysimulatedwith 3 levelsof AMR. Isosurfacesof mixture
fraction(top)atdifferenttimes,�ne meshregions(bottomleft) andmixing layerthickness

(bottomright).

Introduction
Highly under-resolvedyethigh-�delity simulationof compressibleturbulent�o wsdrivenbystrong
shocksremainsa substantialchallengein moderncomputationalscience.The presentdevelop-
mentaddsan advancedphysics-basedmodelingcapability for these�o ws to the CaltechASC
Center'sVirtual TestFacility (VTF). Someissuesthatweaddresspresentlyinclude:

� Physicalaspects:

� Needto resolve certainregionsof the �o w �eld more�nely thanothers;thin shearlayers,
shocksandregionsof steepdensitygradientsproducedby mixing andcombustion.
� Subgrid-scale(SGS)modelsrequiredfor turbulenceowing to the limitations imposedby
largeReynoldsnumberscaling.This includessubgridextensionof turbulencestatistics.

� Numericalaspects:

� Developmentof anumericalschememergingashock-capturingcapabilitywith low-numerical
dissipationrequiredfor explicit SGSmodelingin smoothregions.
� Robustnessandwell-posedboundaryconditions,bothfor in�o wsandout�ows, is desirable
(characteristicbasedboundaryconditionsandstableboundarystencils)

� Computationalef�ciency aspects:

� Reductionof computationalcostsby useof AMR strategies
� Useof fastlinearalgebrapackages
� Optimizationachieved,for example,by tablelookuptechniques

Wepresentexamplesof turbulent�o w simulationusingLESperformedwithin theblock-structured
adaptive meshre�nement infrastructureAMROC [3]. A fully compressibleformulationof the
transportequationsand the stretched-vortex subgrid-stressmodel [5] are integratedwith addi-
tionalSGSmodelsfor speci�c closures.

Subgridmodeling
Thestretched-vortex SGSmodelis utilized [5]. Hereit is assumedthatsubgridmotion is repre-
sentedby subgridvortical structures.TherequiredSGStermsareexpressedas
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andthesubgridscalartransport
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whereei arethedirectioncosinesof thesubgridvortex axisand� c is thesubgridcutoff length
scale.Thesubgridkineticenergy, ksgs, is givenby

ksgs =
Z 1

kc

E(k)dk; (4)

wherekc = � =� c. Thesubgridvorticesareassumedto take the form of a Lundgrenstretched-
spiralvortex with shell-summedsubgridenergy spectrumof theform
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The parameter� o is the Kolmogorov prefactor, � is the local cell-averageddissipationanda =
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In orderto implementthemodel,theei mustbespeci�edor otherwisedetermined,andthecom-
positeparameter� o� 2=3 calculated. The ei are modeledby alignmentwith extensionaleigen-
vectorsof ~Sij and with the resolved-scalevorticity. The parameter� o� 2=3 is calculatedusing
resolved-scale,second-ordervelocitystructurefunctions.

Numericalmethod
Tunedcenteredstencilfor LES

We usethe tunedsecondorder centeredscheme(TCD) [4] that consistof an explicit 5-point
stencil,tunedto minimize truncationerrorsin LES simulations.For a uniform one-dimensional
discretizationat the pointsx j = hj , with j = 1 to N , the stencil formula for the derivative of
f (x j ) is givenby

df j

dx
=

� (f j +2 � f j � 2) + � (f j +1 � f j � 1)
h

; (6)

where� = 1=2� 2� is requiredfor secondorderaccuracy. Thevalue� = � 0:197minimizesLES
truncationerrorsfor a �o w �eld with Kolmogorov-typeenergy spectra[4].

Hybrid centered-upwindedformulation

A key featureof thecenter'sapproachto compressibleturbulenceis theutilizationof dynamically
adaptive stencilselection.This implies

� TCD stencilusedin turbulentregions

� WENOstencilusedaroundshocks

� Smoothtransitionbetweenschemesguarantiedby choosingthetargetoptimalWENOstencil
to bethatof theTCD
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